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Abstract
An acoustical model for the sound field generated by hemi-cylindrical loudspeaker arrays is
presented and a method for beamforming is derived. The sound field model is obtained by introducing
two independent boundary conditions for the sound field of a single impinging plane wave. The
model for the radiation from a single loudspeaker in the array is then obtained from the reciprocity
principle. Various beam patterns are presented and evaluated as to their dependency on frequency.
The obtained theoretical results are discussed, along with a plan for future experimental work.
1 Introduction
Unlike the widely spread microphone arrays, which can already be found in various applications in our
every day life, loudspeaker arrays still represent a niche technology. They are typically used in large
scale public address systems (e.g. for music concerts) and lately also in the form of sound bars as an
extension to the TV sound system. In either case, they typically seek to provide the user with sound
field control based on beamforming. Circular or spherical loudspeaker arrays that seek to synthesise
a sound field within a bounded area [1, 2, 3] still remain experimental applications. These type of
installations often require very large numbers of loudspeakers and acoustical treatment of the room
to perform at their optimum. This may be the reason why they have been so far less appealing for
consumer products.
As with most sound field control applications, the more accurate the sound field model, the better
the system performance. A typical assumption made in the design theory of linear or circular arrays
on rigid baﬄes is that they are used in perfect free field conditions [2, 4, 5]. For most installations
this assumption is already invalid from the start, typically due to the presence of a floor, a ceiling
or any other obstructions to propagating waves that are not included in the model. In other words,
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every obstruction that is included in the acoustic model makes the system more suitable for every day
applications.
Kolundzija et al. presented an initial prototype for cylindrical loudspeaker arrays for beamforming
applications in the full audible band [6, 7]. Betlehem and Poletti proposed to apply cylindrical
loudspeaker arrays in reverberant environments to increase the degree of sound field control by using
reflective walls to deploy secondary sources [8, 9, 10]. Fazi et al. proposed a strategy for beamforming
with circular loudspeaker arrays installed on rigid cylindrical baﬄes by using Neumann Green Functions
to model the sound field contribution of the individual speakers [11, 12].
This work extends the theory presented by Fazi et al. [11, 12] to model the radiated sound field
of hemi-circular arrays installed on a rigid hemi-cylinder arranged on an infinite planar rigid baﬄe.
A mathematical model of the acoustic radiation of such arrays is provided along with a number of
simulated fields. The unique properties of these types of arrays are discussed on the basis of the model
and the simulated data.
The remainder of this work is organised as follows: The second section introduces the acoustic
model and derives the far field radiation solution for the proposed array design. In the third section,
the inverse solution to the radiation problem is derived in order to obtain the loudspeaker driving
functions for a desired beam pattern. The fourth section focuses on the system’s radial functions and
their influence on the array’s low frequency performance. The overall beamforming performance is
then investigated theoretically on the basis of the developed model. The results are discussed in the
penultimate section and summarised in the last section with an outlook on further work.
2 Acoustic Model
The coordinate system used in this work is shown in Figure 1. In the course of this section, the
considered propagation space is modelled by introducing two boundary conditions to the general free
field model in order to suit the intended scenario.
In accordance with the work presented in [11], each speaker in the system is approximated by
assuming a point source on a rigid baﬄe with a given acoustic strength ql. The mathematical concept
for the field radiated from such sources is known as the Neumann Green Function (NGF) GN [13]. The
function arguments of the NGF comprise the evaluation point and the location of the point source, as











Figure 1: General coordinate system for the mathematical model.
array yields the sound field model given by
p(r, φ, z, ω) =
L∑
l=1
GN(R,φl, zl, r, φ, z, ω)ql(ω). (1)
Note that R is the radius of both, the hemi-cylindrical baﬄe and the arc on which the loudspeakers
are arranged.
Equation (1) describes the forward problem for the type of array under consideration. The main
difference between the model of a speaker on a full cylinder to that of a loudspeaker on a hemi-cylinder
attached to an infinite planar baﬄe is that its radiated sound field is reflected from the baﬄe behind
the cylinder. A reflection from a point source is however not a novel concept and can be easily factored




Figure 2: Model of the point source on a rigid baﬄe (upper half) with radius R located at the angle φ
and a mirror source on a baﬄe (lower half) on the other side of the wall located at −φ.
that every point source located at r = (R,φ, z)T has a mirror source located at r = (R,−φ, z)T . Since
both the original source and the mirror source are point sources, their individual sound fields can be
calculated from the NGF for cylindrical arrays. However, one objective of this paper is to present a
NGF for hemicylindrical arrays that incorporates both sources in one. Its derivation is shown in the
following subsection.
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2.1 The Neumann Green Function
The Neumann Green function is derived in several steps, starting from a general expression for the
pressure field. This model is then amended to incorporate the scattering from an infinite hemi-cylinder
on a planar baﬄe. The far field approximation of the Neumann Green function is then obtained from
the pressure on the surface of the hemi-cylinder due to an impinging plane wave through reciprocity.
2.1.1 General Sound Field Expansion
The general model for a sound field in cylindrical coordinates that is valid in R3 for a given angular
frequency ω is given in terms of a set of coefficients {Cn(kz)}n∈Z by the series expansion














r , where k is the acoustic wave number, kz the axial and kr the radial component,
respectively. Jn(x) is the Bessel function of the nth order [13]. The dependency of ω is omitted for the
sake of brevity.
The next step on the way to an NGF for hemi-cylindrical arrangements is to limit the propagation
space by setting appropriate boundary conditions.
2.1.2 The Infinite Planar Baﬄe
Introducing a rigid infinite baﬄe in the x-z-plane is equivalent to imposing the boundary condition
∂p(r, φ, z)
∂φ
|φ=0,pi = 0 (3)
for the pressure gradient. This effectively limits the propagation space to V := {r, φ, z : r ∈ R+ ∪ 0, 0 ≤
φ ≤ pi, z ∈ R} (see Figure 1). The mirror source model inherently enforces the above boundary
condition. Therefore, by mirroring the existing pressure field p w.r.t. the boundary plane φ = 0, pi, one




image of p is given through the complex conjugation of the former, yielding

































With the angular basis functions reduced to cos(nφ), it can be seen that the pressure field pHS now
satisfies the boundary condition (3). Using the Bessel function relation J−n(x) = (−1)nJn(x) [13], the
expression for pHS can be further simplified to
















where δn denotes the Kronecker Delta [15].
Equation (6) serves as an analytical model for sound propagation in the half-space. In the next
step, the scattering from an infinite rigid hemi-cylinder is added to the model.
2.1.3 Scattering from Infinite Hemi-Cylinder
A full derivation of the scattering from a rigid object at the origin of a coordinate system can be found
in the literature, e.g. [13]. The main concept is to find a scattered pressure field pS complementing an







on the scatterer’s surface S. For an infinite hemi-cylindrical scatterer, its surface is given by S =
{r, φ, z : r = R, 0 ≤≤ pi, z ∈ R}. Following a similar derivation to that presented in [13], the total field
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Rn(kr, r, R)Dn(kz)dkz, (10)
with









n (x) denotes the Hankel function of the first kind and the superscript ′ indicates the derivative
of the Bessel and Hankel function, respectively [13].
The sound field model for the half space with a rigid infinite hemi-cylinder around the origin
is now fully defined by eq. (10). The NGF can then be found from the reciprocity principle. By
calculating the pressure caused by an incoming single plane wave at a point (R,φl, zl) on the surface of
the hemi-cylinder, it is possible to model the far field radiation in the direction of the impinging plane
wave from a point source located at the same point.
The next subsection introduces the plane wave expansion for the restricted propagation space with
a hemi-cylindrical scatterer at the origin.
2.1.4 Field of an Impinging Plane Wave
For a single plane wave impinging from (φq, θq), the sound field coefficients Cn of the general model in
(2) are given through the Jacobi-Anger Expansion [16] and an additional axial component [13], so that
Cn(kz) =
√


























Using equation (13) in (10) yields the pressure for a plane wave propagating in the half-space and
impinging on a hemi-cylindrical scatterer at the origin
p(r, φ, z)









Rn(kr, r, R), (14)
where kr = k sin θq.
2.1.5 Far Field Neumann Green Function
The result in (14) can be further simplified for the case that (r, φ, z) ∈ S by exploiting the Wronskian
relation [13]




resulting in the far field expression for the Neumann Green function






pi2kR sin(θq)H ′n(kR sin θq)
. (16)
Equation (16) models the far field radiation of a point source. For frequencies whose wavelength is
large in comparison to the diaphragm, a loudspeaker can be approximated as a point source (monopole)
[17].
The far field radiation of an array with L loudspeakers can then be modelled in the x-y-plane (i.e.
z = 0 and θq =
pi
2 ) by the sum of the solution in (16) for the different speaker locations φl, so that the
far field pressure












ν2n cos(nφl) cos(nφ)bn(kR)ql(ω), (17)






Equation (17) describes a forward problem of the far field pressure resulting from a given set of ql(ω).





in the far field requires solving the corresponding inverse problem [16]. A method to obtain the solution
to the latter is described in the next section.
3 Loudspeaker Driving Functions
The L drivers of the array are assumed to be regularly distributed along the intersection of S with the
x-y-plane and located at the angles





, l = 1 . . . L. (20)
Then, without loss of generality, the L driving functions ql(ω) can be described through L coefficients





′φl)qn′(ω), N = L− 1. (21)
Equation (21) poses a fully determined system of linear equations. The set of coefficients {qn′(ω)}Nn′=0




νn cos(nφl)bn(kR)ql(ω) = fn(ω). (22)
















′φl) = Lδn−n′ , n, n′ < L, (24)
yielding
fn(ω) = Lbn(kR)qn(ω) = Γn(kR)qn(ω) (25)
for n ≤ N . The radial functions for the far field radiation model are denoted as Γn(kR). The limitation
w.r.t. n is due to the finite number of drivers. For an infinite number of point sources in the array, the
sum in (24) becomes an integral, making it valid for n, n′ ∈ N0.
Rewriting equation (25) for qn(ω) and applying the result in (21) for n
′ = n yields the result for







fn(ω), l = 1 . . . L. (26)
As a consequence of (24), an array with L drivers can only control radiation patterns f(φ, ω) of the
form in (19) that are limited w.r.t. their highest order to N = L− 1, so that fn(ω) = 0 for n > N .
Lacking control of higher orders does not, however, mean that the orders excited by the array are
inherently limited to N as well (compare the expression in (17)). Orders na ≥ L are the reason for
spatial aliasing [3], provided that they radiate into the far field. Whether an order n radiates to the far
field for a specific frequency f or not depends on the radial functions Γn(kR), which are investigated
in more detail in the next section.
4 Radial Functions Γn(kR)
The importance of radial functions is mutual to both circular and spherical transducer array analysis
[19, 2, 20] because they determine the modes’ radiation behaviour. The radial functions Γn(kR) for
the orders n = 0 . . . 6 are given in Fig. 3 for an array with R = 0.15 m. As with most arrays based on
a model in spherical or cylindrical coordinates, the low frequencies are mainly dominated by the lower
orders, while towards high frequencies all considered modes eventually radiate with roughly the same
magnitude. The latter statement entails that spatial aliasing is bound to occur at high frequencies.
Nevertheless, the number of orders n that contribute to spatial aliasing within the audible band is
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Figure 3: Development of Γn(kR) over the audible spectrum for R = 0.15 m.
limited due to evansecent behaviour of modes higher than a system-specific bound n = nA [13, 21].
While aliasing remains a high frequency problem, sound field control at low frequencies is prone to
be affected by ill-conditioning [22]. With Γn(kR) dropping significantly in magnitude at low frequencies
as the order increases, the solution for ql(ω) in (26) may require a diaphragm displacement that is
beyond the dynamic capacities of the driver [12]. Therefore a regularisation factor β needs to be







|Γn(kR)|2 + βσ2 fn(ω) (27)
with
σ = max |Γn(kR)|. (28)
Effectively, this normalised Tikhonov regularisation limits the degree of sound field control at lower
frequencies but improves the robustness of the system [12].
5 Beamforming Performance
































Figure 4: Theoretical beam patterns for three different angles φB with N
′ = 10.
for a beam in direction φB. Unlike with circular arrays on full cylinders, the exact beam pattern of
hemicylindrical arrays depends on the steering direction of the beam, as can be understood from Fig.
4. This effect occurs due to the lack of direction-independent symmetry in combination with the cosine
nature of the basis functions: a fully symmetric sound field is obtained only with a beam directed at
φB =
pi







2 in (29) is required to ensure that the magnitude of the
beam in the designated direction is unity. However, note that for φB = 11.25
◦it can be observed that
the maximum of the beam pattern is not at φB. This phenomenon occurs towards the angular limits
of the propagation space, yet a deeper insight into this problem lies beyond the scope of this work.
The findings above are also reflected in the simulated beam patterns depicted in Figure 5. These
were calculated on the basis of the driving functions in (27) with β = 0.1. It can be seen that the side
lobes for an array with R = 0.15 m and L = 15 speakers are theoretically approx. 12 dB below the
level of the main lobe within the optimal frequency band [12]. The optimal band can be deduced from
the results in Figure 5 as 3 kHz < fopt < 6 kHz. For frequencies lower than 3 kHz the array shows
the effect of the regularisation where the beam becomes wider as frequency decreases. For frequencies
beyond 6 kHz the effects of spatial aliasing become obvious in the form of undesired side lobes.
The presented sound field model assumes that each driver is an ideal point source. At least in the
near field of the array, this does not reflect the physical sound field and requires further refinement.
The presented simulated beam patterns are solely based on the developed model and still require
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(a) Beam Angle θB = 11.25
◦
































(b) Beam Angle θB = 90
◦
































(c) Beam Angle θB = 135
◦
Figure 5: Various normalised beam patterns as a function of frequency for three beam angles.
confirmation through thoroughly conducted measurements.
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6 Conclusions
A mathematical model for the radiation from a hemi-cylindrical loudspeaker array on an infinite baﬄe
has been presented. The beamforming method for sound field control has been derived from the
solution to the inverse problem. Theoretically achievable beam patterns have been presented for various
beam directions as a function of frequency. It was found that the beam pattern changes as a function
of the steering angle, which is a consequence of the lack of symmetry combined with the cosine basis
functions. On the basis of the simulated beam patterns, an estimate of the optimal frequency band for
an array with 15 speakers was given. The overall system performance appears to be comparable to
that of cylindrical loudspeaker arrays.
Future work will present measurement results and further refinements to the acoustic model,
allowing for the description of the near field to be applied to improve sound field control.
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